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The spin-dependent electron transmission through a helical membrane with account of linear
spin-orbit interaction has been investigated by numerically solving the Schro¨dinger equation in
cylindrical coordinates . It is shown that the spin precession is affected by the magnitude of geometric
parameters and chirality of the membrane. This effect is also explained analytically by using the
perturbation theory in the weak coupling regime. In the strong coupling regime, the current spin
polarization is evident when the number of the open modes in leads is larger than that of the
open channels in the membrane. Moreover, we find that the chirality of the helical membrane can
determine the orientation of current spin polarization. Therefore, one may get totally opposite spin
currents from the helical membranes rolled against different directions.
PACS Numbers: 72.25-b, 73.23.Ad, 85.75.Hh
I. INTRODUCTION
The spintronics and emerging nanoelectronics technol-
ogy are two crucial fields for the design of next generation
nanodevices1–3. Conventionally, spintronics is divided
into two main subfields by metallic and semiconducting
materials4–6, where giant magnetoresistance7, Aharonov-
Casher effect8 and spin-Hall effect9 are discovered. Re-
cently, molecular spintronics10,11, which controls the elec-
tron spin transport in organic molecule systems12, has
attracted wide attention. This is inspired by the exper-
imental discovery of the high spin selectivity and the
length-dependent spin polarization in double-stranded
DNA13, showing the interplay of the molecule struc-
ture and spin-orbit coupling (SOC). Since many two-
dimensional (2D) nanostructures with complex geome-
tries14–16 have been fabricated successfully, similar situa-
tion may also happen in these inorganic materials. Thus
the combination of the nanoelectronics and the spintron-
ics provides a platform for exploring the geometric effect
on electron spin transport through SOC.
The SOC on some nanostructures has been studied
both experimentally17 and theoretically18–20, showing ge-
ometric influences on band structure and spin polar-
ization. Meanwhile, several theoretical works21–24 have
tried to give an effective Hamiltonian with SOC for a gen-
eral system which is curved and dimensionally reduced.
These investigations are based on the thin layer quan-
tization approach25–28 in which a confining potential is
introduced to constrain particles on a quasi-2D curved
surface. Because of the confining potential, the quantum
excitation energies in the direction normal to the surface
are much greater than those in the tangential directions,
then one can safely neglect the quantum dynamics in the
normal direction and get an effective 2D Hamiltonian.
The treatment is also adopted in our model.
In the present paper, based on the thin layer quanti-
zation scheme, we give a brief derivation of the Hamilto-
nian for a helical membrane with SOC, and investigate
the spin polarized transport property accordingly. The
Hamiltonian in our model is in fact the same as the case
of a tubular two-dimensional electron gases29,30, only ex-
cept that the lateral confining potential or the boundaries
are formed by two helices. Recently, spin precession30,
spin polarized current29 and the cross over from weak
localization to weak antilocalization31 have been studied
for the cylindrical nanowires with SOC, showing the cur-
vature effect on a SOC system. Besides, it is known that
the feature of the lateral confining potential in a SOC
system could also affect the spin transport prominently.
Therefore, we would like to investigate the helical mem-
brane which has both the curvature and boundary effects.
Experimentally, this kind of nanostructure can be fabri-
cated in different ways32,33 based on different material
candidates, such as vapor solid growth for ZnO, strain
engineering for InGaAs/GaAs and CVD(Chemical Vapor
Deposition) for InGaN.
This paper is organized as follows. In Sec. II we give
a brief derivation of the Hamiltonian for a helical mem-
brane with SOC. In Sec. III we calculate the spin trans-
port properties by solving the dynamic equation numeri-
cally in weak coupling regime, and give an explanation by
utilizing the perturbation theory. In Sec. IV, we show the
spin polarization in the current and analyze the relation
between the chirality and features of the spin polariza-
tion. We present our conclusions in Sec. V.
II. MODEL
We consider a helical nanomembrane whose edges fol-
low a cylindrical helix around the z axis (see Fig. 1(b)).
The surface of the membrane is in fact belong to a cylin-
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2der, and the helical edges are given by
~r = ρ0cosθ~ex + ρ0sinθ~ey + (cθ + z0)~ez, (1)
where ρ0 is the radius of the cylinder, c denotes the
change of the edges along z direction when the rolling
angle θ increases, and z0 the initial position. For the
edges with constant c, the total length of the nanomem-
brane is L = θ0
√
ρ2 + c2, where θ0 is the total rolling
angle. One can fabricate this kind of nanostructure by
scrolling a planar membrane (see Fig. 1(a)) which is
connected to two leads with width W . The longitudinal
directions of the lead and the membrane form an angle
φ = arctan(c/ρ), so the membrane width d = W cosφ.
To make sure there is no overlap, the parameters should
satisfy 2pic > W .
Following da Costa25, without the SOC, the Hamilto-
nian for a quantum particle confined on a curved surface
is given by
H0 = − h¯
2
2m∗
1√
g
∂i(
√
ggij∂j) + Vg, i, j = 1, 2, (2)
where Vg = − h¯22m∗ (M2 −K) is an effective potential in-
duced by the geometry, m∗ is the effective electron mass,
M and K are the mean and Gaussian curvatures, respec-
tively.
In our case, we assume the spin-orbit field axis is al-
ways normal to the surface, namely ~α = α3~e3 (see the
Appendix), therefore the effective Hamiltonian of the lin-
ear SOC in curvilinear coordinates is
Hso = −i 
3ab
√
g
α3σa∂b, a, b = 1, 2, (3)
where µνλ is the usual Levi-Civita symbol.
Hence, in the cylindrical coordinate system (ρ, θ, z),
the entire Hamiltonian reads
H = H0 +Hso, (4)
where
H0 = − h¯
2
2m∗
(
1
ρ20
∂2
∂θ2
+
∂2
∂z2
+
1
4ρ20
)
+ Vλ(θ, z), (5)
Hso = −iαρ [ (−sinθσx + cosθσy)∂z − 1
ρ0
σz∂θ ] , (6)
here,Vλ(θ, z) is the transverse confining potential, αρ is
the SOC strength constant, and ρ0 denotes the curling
radius. It is worth noticing that Vλ(θ, z) and Hso(θ, z)
together determine the chirality of the system. In the
case of reversing θ direction, θ → −θ, one of Vλ(θ, z) and
Hso(θ, z) is reversed, the chirality of the system changes,
both of them are reversed, the chirality is invariant.
FIG. 1. (Color online) (a) Schematic of a two-dimensional
membrane with two attached leads in y-z plane. The widthes
of the leads and the membrane are W and d, respectively.
(b) Schematic of a helical membrane with two attached leads.
The helical membrane is fabricated by coiling the plane scat-
tering region in (a). The left lead is still in y-z plane.
III. SPIN TRANSPORT CALCULATION
For the study of the spin-polarized transport in the he-
lical nanomembrane, the physical model is that the mem-
brane connected to two leads is coiled around a cylinder,
and the inelastic processes take place only in the reser-
voirs. The two leads with the same width W are planar
and tangent to the cylindrical surface. We set that the
left lead lies in the y-z plane, the position of the right lead
depends on the length of the membrane. The spin-orbit
interaction is introduced adiabatically from the leads to
the curling region, where the SOC strength constant αρ
is homogeneous.
The spin-transport problem was solved numerically
under the condition of open boundary by using the
tight-binding quantum transmitting boundary method
(QTBM)34,35, which is generalized to include the spin
degree of freedom in our calculation by representing the
on-site and hopping energies by 2× 2 matrices36. In the
calculation for the SOC Hamiltonian, Hermitian conju-
gation is used to ensure Hermiticity. We scale the length
and the energy in units of a and t0 = h¯
2/2m∗a2, re-
spectively, where a = 10nm, and tso = αρ/2a is used to
measure the strength of the spin-orbit interaction. We
employ the critical value βcso=(pia/W )
2/(pia/W + akF )
defined in planar waveguide to separate the weak and
strong coupling regime37, where kF is the Fermi wave
3number. Namely, when βso = tso/t0 < β
c
so the SOC is
weak, otherwise, it is strong. We believe that this def-
inition is also applicable to helical membranes approxi-
mately. In fact both αρ and W determine the contribu-
tion of the mixing of the spin subbands, so the increases
of αρ and W may turn the system from the weak coupling
regime to the strong one.
In this section we consider the weak coupling regime.
In Fig. 2 we show the transmissions for helical mem-
branes when purely polarized electrons are injected. Here
in σz representation, the spin-up polarized states with
respect to x, y and z axes are expressed as
√
2
2 (1, 1)
T ,√
2
2 (1, i)
T and (1, 0)T , respectively, and (Tss′)j is used
to indicate the probability that an incident electron in
a spin-polarized state sj is scattered into spin state s
′
j ,
where sj denotes the spin orientation along j direction
and s is ↑ or ↓. As shown in Fig. 2 (a), the step-like
behaviour does not happen at the threshold energy 1
for the ground mode in the lead, but at the energy a
little higher. The reason is that the width of the mem-
brane d is smaller than that of the leads W , leading to
the threshold energy ˜1 for the first open channel in the
membrane is larger than 1 in the leads. As described in
Fig. 2, the spin precession effect is evident in x direction
( in y direction, the spin precession is mainly similar to
that in x direction, which is not plotted), however there
is almost no spin precession for electrons whose initial
spins are oriented along z direction. It is also noticed
that the spin transmission is almost independent of the
incident Fermi energy after some oscillations, which is
similar to the case of spin transport in planar quasi-one-
dimensional electron gas (Q1DEG) systems37,38. Fig. 2
(b), (c) and (d) show the dependence of spin polarized
(in x direction) transmissions on different geometric pa-
rameters at the same incident energy, which manifest the
geometric effects on the spin precession. For these phe-
nomena, we would like to explain by using perturbation
theory.
In the weak coupling regime, the spin-orbit inter-
action Hso can be viewed as a perturbation. The
unperturbed Hamiltonian satisfies the eigen equation
H0|n, s〉 = E0n|n, s〉, where n denotes the subband index
and s denotes the spinor. To solve the eigen equation,
it is convenient to rewrite the Hamiltonian in a rotated
coordinate system (θ˜, z˜), where(
θ˜
z˜
)
=
(
cosφ 1ρ sinφ
−ρsinφ cosφ
)(
θ
z
)
, (7)
that is
H0 = − h¯
2
2m∗
(
1
ρ2
∂2
∂θ˜2
+
∂2
∂z˜2
+
1
4ρ2
)
+ V ′λ(z˜), (8)
Hso =− iαρ
[
σθ(
sinφ
ρ
∂θ˜ + cosφ∂z˜)
−σz(cosφ
ρ
∂θ˜ − sinφ∂z˜)
]
,
(9)
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FIG. 2. (Color online) Dependence of transmissions through
a helical membrane with spin-orbit interaction on (a) energy
E, (b) curling radius ρ0, (c) total rolling angle θ0 (meaning the
length of the membrane) and (d) the angle φ. The vertical line
in (a) indicates the first threshold energy 1 in the lead. The
dash line in (c) is the analytic result from perturbation theory.
W = 4a and tso = 0.05. Other parameters are (a) r = 1.5a,
φ = 33.7◦, L = 6pia; (b) E = 1.85t0, φ = 33.7◦, L = 6pia; (c)
E = 1.85t0, r = 1.5a, φ = 33.7
◦ and (d) E = 1.85t0, r = 1.5a,
L = 6pia.
where σθ = −sinθσx + cosθσy, V ′λ(z˜) is the confining
potential in z˜ direction, and θ˜ is the longitudinal direction
of the membrane. We assume the eigen states have the
form |n, s〉 = eik˜nρ0θ˜χn(z˜)|s〉z, where s =↑ or ↓, with
the definitions of the spinors | ↑〉z = (1, 0)T and | ↓〉z =
(0, 1)T , and k˜n =
√
2m∗(E0n − ˜n)/h¯, here ˜n are the
solutions of the equation[
− h¯
2
2m∗
(
∂2
∂z˜2
+
1
4
)
+ V ′λ(z˜)
]
χn(z˜) = ˜nχn(z˜). (10)
According to degenerate perturbation theory, for each
subband n we obtain the following equation(
E0n + (Hso)
↑↑
nn − E (Hso)↑↓nn
(Hso)
↓↑
nn E
0
n + (Hso)
↓↓
nn − E
)(
a0n↑
a0n↓
)
= 0,
(11)
where a0ns are the zeroth order coefficients used to ex-
pand the perturbed states in terms of the unperturbed
states |n, s〉, and (Hso)ss′nn = 〈n, s|Hso|n, s′〉 are the ma-
trix elements expanded in the subspace of each subband
n. Due to the reflection symmetry of the transverse con-
fining potential V ′λ(z˜) in z˜ direction, the term 〈n|∂z˜|n〉
vanishes. It is straight forward to obtain the eigenvalues
of Eq. (11)as
E± = ˜n +
h¯2k˜2n
2m∗
± αρk˜n. (12)
4This dispersion relation for the helical membrane is the
same as in the planar case in the weak SOC regime. The
energy splitting means that electrons with the same en-
ergy may have different wave vectors, that is E+(k˜+n ) =
E−(k˜−n ), leading to k˜
−
n − k˜+n = 2m∗αρ/h¯2. As this dif-
ference only depends on the SOC strength constant, the
transmissions in Fig. 2(a) show energy independent be-
haviors. The corresponding eigenvectors without normal-
ization are [1−cosφ, ieiθsinφ]T and [ie−iθsinφ, 1−cosφ]T .
With the consideration of initial condition, if we were to
driven | ↑〉z polarized electrons into the system, the wave
emerging from the conductor will be represented as
ψ↑z =
[
cos2(φ/2)eiβ + sin2(φ/2)e−iθ
i
2 sinφ(1− eiθ+iβ)
]
eik˜
+
nL (13)
where L is the length of the helical membrane, and β =
2m∗αρL/h¯2. While if the incident electrons are in | ↑〉x
state or | ↑〉y state, the outgoing wave will be represented
as
ψ↑x =
√
2
4
[
e−iθ(1− eiφ) + (1 + eiφ)eiβ
1 + eiφ + (1− eiφ)eiθ+iβ
]
eik˜
+
nL,
(14)
or
ψ↑y =
√
2
4
{[
1 + cosφ− sinφ
(1− sinφ− cosφ)(ieiθ)
]
eik˜
−
n L
+
[
(1− cosφ+ sinφ)e−iθ
i(1 + cosφ+ sinφ)
]
eik˜
+
nL
}
.
(15)
And then the corresponding transmission probabilities
are
(T↑↑)z = 1− sin2φsin2 β + θ0
2
, (16)
(T↑↑)x =
1
2
[
1 + cosβcos2
φ
2
+ cos(β + 2θ0)sin
2φ
2
]
(17)
and
(T↑↑)y =
1
2
[
1 + sin2φcosθ0 + cos
2φcosθ0cos(β + θ0)
+cosφsinθ0sin(β + θ0)] .
(18)
In this method, the reflectivity is neglected, so T↑↓ =
1 − T↑↑. Thus far, it is clear that the transmissions
are determined by the geometry of the helical membrane
through the three dimensionless parameters, namely β, θ0
and φ. From Eq. (16), it is easy to see (T↑↓)z < sin2φ,
that is, for small φ, the spin-polarization in z direc-
tion is maintained during the transport, as shown in
Fig. 2(a). In the limit of φ → 0, the results above
show that there is no spin precession in z (transverse)
direction, and the spin polarized transmissions for x (the
normal) direction and y (the longitudinal) direction are
(T↑↑)x = (T↑↑)y = cos2(β/2), similar to the planar case
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FIG. 3. (Color online) Spin precession of electrons in the
middle line of (a) the left-handed helical membrane, (b) the
planar membrane and (c) the right-handed helical membrane,
respectively. Here W = 4a, E = 1.85t0, φ = 30.5
◦, tso = 0.1,
L = 8pi
√
ρ20 + c
2, for (a) and (c), ρ0 = 1.5a.
in weak SOC regime. In Fig. 2 the angle φ can not be
too big (otherwise the width d will be too narrow for
transport), therefore we have (T↑↑)x ≈ (T↑↑)y. If we only
change the radius ρ0 and keep other parameters fixed,
then in Eq. (17) only θ0 is changed, which means that
the change of the transmission can not exceed 12 sin
2 φ
2 ,
thus in Fig. 2(b) the transmission is not considerably
sensitive to the radius. Fig. 2(c) shows that the analytic
result Eq. (17) is broadly in line with the numerical result
except some oscillations. Note that, comparing with the
numerical calculation, we ignore the effects of leads and
their connections to the membrane in the perturbation
theory.
From the wavefunctions above, we find that the coiling
can affect the spin precession along z axis significantly.
In the case of the initial spin orientation along the x
direction, we investigate the spin precession in the mid-
dle of the membrane, the results are described in Fig. 3.
It is found that at the same injection energy and SOC
constant, the spin precessions present different charac-
teristics for the membranes with different chirality. The
spin precesses counterclockwise in the left-handed heli-
cal membrane, while for the right-handed one, the pre-
cession is clockwise. We also depict the situation in a
planar membrane (see Fig. 3(b)), where the direction of
spin precession (here we show a clockwise case) in fact
depends on the orientation of the spin-orbit field axis
(parallel or antiparallel to the normal direction of the
surface). However, no matter it’s counterclockwise or
clockwise, the period of the precession in planar case is
different from that in the helical one.
5IV. CHIRALITY AND SPIN CURRENT
The spin polarization of the outgoing current is the
ratio between normalized spin conductance and the total
conductance. The definition is given by
Pj =
∑
sj
Gsj ,s′j −Gsj ,−s′j
G
, j = x, y, z. (19)
It has been proved that in an arbitrary structure which
attaches to two leads, the spin polarization does not ap-
pear if the incident electrons are in the first energy sub-
band39,40. Thus to generate spin polarization current in
our model, intersubband transmission is necessary, which
means strong SOC should be considered. In this sit-
uation, based on Landauer formula41, the conductance
and the spin polarization Pz of the current are plotted
in Fig. 4 for the helical membrane with opposite chiral-
ity. The conductance shows a step-like dependence on
the incident energy, corresponding to the appearance of
new open channels in the membrane. We have mentioned
that the threshold energy n for the nth mode in the leads
is always smaller than the energy ˜n for the nth channel
in the membrane, which is due to the difference between
their widths. Therefore even the increasing energy opens
new modes in the leads, the conductance does not get a
new step until the new channel is opened in the coiling
region. We also find that reversing the chirality doesn’t
change the charge conductance.
For the spin polarization Pz of the current, we observe
that the spin polarization is obvious when the energy
satisfies n < E < ˜n. In this energy range, the num-
ber of open modes in the leads is always greater than
the number of open channels in the membrane, leading
to an abrupt change of intersubband mixing. While this
situation does not happen for E < 2, because that there
exists only one open mode in the leads. For any two-
terminal structures, no spin polarization can occur when
the leads support only one open mode. This conclusion
has been proven by the calculation of transmissions39 and
the analysis of the symmetries of S matrix40. For each
energy range with n > 2, the polarization peak decreases
slowly. The reason of the decreasing peak is that, at the
beginning of the energy range, a new mode n is opened
in the lead, while because of the subband splitting due
to SOC in the channel, the state |n, ↑〉 can be transmit-
ted much easier to the right lead than |n, ↓〉. With the
incident energy increasing, the state |n, ↓〉 participates in
the transmission more and more, which leads to the can-
cellation of the positive spin polarization of the current
to some extent.
We furthermore find that the spin polarization is ob-
viously affected by the radius ρ0. In Fig. 5 we plot the
dependence of peak values of the current spin polariza-
tion Pzmax in the energy range 2 < E < ˜2, on the
curvature radius ρ0 and on the channel length indicated
by θ0 (Note that ρ0 = a in fact violates the expression
2pic > W which insures no overlapping portion in the
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FIG. 4. (Color online) (a) Conductance versus injection en-
ergy for the helical membrane with opposite chirality. (b)
Mean spin polarization Pz of the current at the right lead in
the presence of spin-orbit interaction. The solid and dashed
curves are for right handed and left handed helical mem-
branes, respectively. The solid vertical lines represent 2,
3 and 4, and dashed-dotted vertical lines represent ˜1, ˜2
and ˜3. The parameters are W = 7a, ρ0 = 1.4a, θ0 = 4pi,
tso = 0.3, φ = 39
◦.
membrane). It shows that the curvature can evidently
affect the magnitude and sign of the spin polarization of
the current. With increasing the radius, the curvature
effect becomes weak and the change of the spin polar-
ization becomes gentler. The cause is that the lifting of
spin degeneracy introduced by the SOC Hamiltonian (6)
is influenced by the curling radius. We note that the peak
decreases and even vanishes when ρ0 ≈ 2a, then increases
with an opposite sign, which is due to the shift of spin
subbands with the curvature. Moreover, when the radius
decreases, the lower geometric potential also has weak
impact on the energy subband, leading to a little change
of the spin polarization. Fig. 5(b) shows that the channel
length has little impact on the peak values. This is to be
expected since the peak is determined by the intrasub-
band and intersubband transmissions between the same
spin states(which will be explained below), although the
channel length could affect the energy levels of the mem-
brane through the geometric potential Vg, however, here
the geometric potential is so weak that this effect is neg-
ligible. For the line of ρ = a the peak values change with
the channel length at the beginning, this may be due to
the shortness of the channel which makes the two scat-
6ρ
0
 (a)
1 1.5 2 2.5 3 3.5 4 4.5 5
P
z
 m
a
x
-0.6
-0.4
-0.2
0
0.2
0.4
0.6 (a)
θ0 (pi)
2 3 4 5 6
P
z 
m
a
x
0
0.1
0.2
0.3
0.4
0.5
0.6
ρ
0
=a
ρ
0
=1.4a
ρ
0
=1.6a
(b)
FIG. 5. (Color online) The peak values of the current spin
polarization at the right lead of right-handed helical mem-
branes, as a function of (a) the coiling radius ρ0 and (b) the
channel length.
tering regions too close to form a stable travelling wave
between them.
In our model the Hamiltonian (4) is invariant under
time reversal, that is [T,H] = 0, where the time-reversal
operator T = iσyC, with C is complex-conjugation oper-
ator. Likewise, as we mentioned, the total Hamiltonian
is also invariant under the reflection transformation with
respect to θ direction. The two symmetries together re-
sult in40
Tnisi,noso = Tnoso,nisi , (20)
where ni and no denote the subband indexes in the in-
coming and outgoing leads, respectively, and the same
meaning for the subscripts of spin states. Considering
the definition of spin conductance, we can conclude that
G↑↓ = G↓↑, leading to
Pj =
G↑j ,↑j −G↓j ,↓j
G
. (21)
This indicates that the transmissions between opposite
spin states have no contribution to the spin polarization
of the outgoing current since they cancel each other out.
Hence the nonzero polarization is caused by the trans-
missions between the same spin states, which includes
intrasubband and intersubband contributions. To visu-
ally comprehend the generation of the spin polarization,
the spin density 〈σz〉 is plotted in Fig. 6(a) and (b) for two
situations: all the incident electrons are in state |2, ↑〉 or
|2, ↓〉. At the energy E = 0.9t0, there are only two open
modes in the leads and one open channel in the mem-
brane. It is found that some of the electrons with spins
orienting along the z-direction are able to be transmitted
to the outgoing lead, while the spin negative mode is al-
most reflected completely. This difference demonstrates
the asymmetry of transmissions for opposite spin states,
which leads to outstanding spin polarization in the cur-
rent. We also note that in the channel the similar oscilla-
tion with same sign appears for the two cases. For both
cases the incident waves are reflected highly, which indi-
cates that the connection between the left lead and the
channel acts as a closed boundary approximately. Con-
sidering the continuity condition, we could conclude that
in both cases the wavefunctions in the channel are simi-
lar since they have similar boundary conditions. Hence,
it looks like the oscillation is independent of the spin ori-
entation of the incident wave.
In addition, we find that the polarization Pz shows en-
tirely opposite character for the helical membrane with
different chirality. This can be explained by analyzing
symmetries of spin transport in these two different struc-
tures. In our model the SOC Hamiltonian (6) is in-
variant under the operation K = Rθ(SRx)(SRz), where
Rθ(θ) = −θ and SRj(σj) = −σj reversing the spin
quantum axis in j direction. The Hamiltonians for the
two oppositely coiled helical membranes have the rela-
tion HRso = K(SRx)(SRz)H
L
so, where the superscript R
and L denote the right-handed and left-handed helical
membranes, respectively. This implies that
|s〉Rl = | − s〉Ll , l = x, z. (22)
From the definition Eq. (21), it is straightforward to ob-
tain PRl = −PLl . Using this property, one might be able
to generate and cancel the spin polarization by adding
this kind of nanostructures in a circuit. As the conduc-
tion electrons go out from the planar right lead, we ex-
pect the developing techniques of spin-polarization de-
tection for planar 2D semiconductor could demonstrate
this chirality dependent property experimentally. One of
the possible ways is using the all-electrical structures42,43
which is based on the fact that the spin polarization re-
sults in an electrochemical potential difference, leading
to a change of the nonlocal voltage between a magnetic
contact and a nonmagnetic contact.
Moreover, under the transformation K ′ = RθC, the
SOC Hamiltonian (6) is also invariant. Therefore, we
have HRso = K
′CHLso, which means the eigenfunctions
in the helical membrane with opposite chirality have the
relation (
ψR1
ψR2
)
n
=
(
ψL∗1
ψL∗2
)
n
. (23)
So for a helical membrane with closed boundary, consid-
ering the definition of spin density 〈σy〉 = i(ψ∗1ψ2−ψ∗2ψ1),
we obtain 〈σy〉R = −〈σy〉L, manifesting that the chirality
of the helical membrane could reverse the spin orienta-
tion along y direction.
V. CONCLUSION
In summary, we have showed that the spin precession
in a helical membrane with spin-orbit interaction is sen-
sitive to the geometry of the system in both analytic and
numerical calculations. The longitudinal spin precession
about the cylindrical axis manifests clockwise or couter-
clockwise features for different chirality. In the strong
7FIG. 6. (Color online) Spin densities for transport through a
right-handed helical membrane when injected electrons are in
n = 2 state, E = 0.9t0. For (a) and (b), the incident electrons
are spin-up and spin-down polarized, respectively.
coupling regime, we demonstrate that intersubband mix-
ing induces a spontaneous spin polarization of the outgo-
ing current, besides, this polarization becomes prominent
when the injection energy is in the region where the num-
ber of the open modes in the leads is larger than that of
the open channels in the membrane. In this case, chang-
ing the coiling radius could enhance, weaken or even
change the direction of the spin polarization. Further,
for the helical membrane with inverse chirality, the spin
polarization of the current reveals the same magnitude
but opposite direction. This provides a possible way to
control the spin polarization through the geometry of the
SOC system.
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Appendix A: Spin-orbit interaction on a curved
surface
The linear spin-orbit interaction Hamiltonian for elec-
trons can be generalized to a curved three-dimensional
manifold23 as follows
Hso = −i 
µνλ
√
G
αµσν∂λ, µ, ν, λ = 1, 2, 3, (A1)
where µνλ is the usual Levi-Civita symbol, G is the de-
terminant of the metric tensor of the manifold, αµ is the
spin-orbit interaction constant, σν is the generator of the
Clifford algebra in curved space {σµ, σν} = 2Gµν .
In curvilinear coordinates (q1, q2, q3), we consider a
surface S which is parametrized by ~r = ~r(q1, q2), thus the
three-dimensional space in the immediate neighbourhood
of S can be parametrized as ~R = ~r(q1, q2) + q3~n(q1, q2),
where ~n is the unit vector normal to S. The derivatives
of ~r and ~n satisfy the relation
∂~n
∂qa
= αba
∂~r
∂qb
, a, b = 1, 2, (A2)
where αba are determined by the Weingarten equations.
According to this relation, we obtain
G = f2g, (A3)
where f = 1 + q3Tr(αba) + (q
3)2det(αba), G and g are the
determinants of the two metric tensors Gµν =
∂ ~R
∂qµ · ∂
~R
∂qν
and gab =
∂~r
∂qa · ∂~r∂qb , respectively.
In the thin-layer quantization procedure for the Hamil-
tonian without SOC, a rescaled wavefunction χ =
√
fψ is
introduced, so the transformation should also be applied
to the eigenequation Hsoψ = Esoψ, that is
Esoχ =
√
f
(
−i 
µνλ
√
G
αµσν∂λ
)
χ√
f
. (A4)
In the q3 → 0 limit, at the zeroth order we obtain
Esoχ = −i
[
µνa√
g
αµσν∂aχ+
ab3√
g
αaσb(∂3 −M)χ
]
,
(A5)
where µ, ν = 1, 2, 3 and a, b = 1, 2, M = Tr(αba)/2 is
the mean curvature. The term containing ∂3χ prevents
the separability of the quantum dynamics along the tan-
gential direction of the surface from the normal quantum
motion when the coupling constants α1 and α2 do not
vanish. However, if the confining potential normal to the
surface is large enough, this term can be treated pertur-
batively, then we get ∂3χ|q3→0 ≈ 0. The third term is
a geometric spin-orbit field induced by the mean curva-
ture and SOC in the surface. Generally, the coupling
constant vector ~α is determined by the direction and the
magnitude of electrostatic field11, ~α = h¯
2
4m2c2
~∇V , with
the crystal potential V , the electron mass m, the speed
of light c. If ~∇V always points to the direction normal
to the surface, α1 and α2 vanish, then only the first term
in Eq. (A5) exists in the effective SOC Hamiltonian,
and the quantum motions in the tangential directions
and the normal direction of the surface can be separated
perfectly. This is also the case in our model.
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